We obtain the cohomology of the variational complex on the infinite-order jet space of a smooth fiber bundle in the class of exterior forms of finite jet order. In particular, this provides a solution of the global inverse problem of the calculus of variations of finite order on fiber bundles.
Introduction.
Let Y → X be a smooth fiber bundle; put further dim X = n ≥ 1. We obtain cohomology of the variational complex on the infinite-order jet space J ∞ Y of Y → X in the class of exterior forms of finite jet order. This is cohomology of the horizontal (or total) differential d H and the variational operator δ. We usually consider two bigraded differential algebras -problem of the calculus of variations in the class of exterior forms of finite jet order is provided.
The differential calculus on J
∞ Y . Smooth manifolds throughout are assumed to be real, finite-dimensional, Hausdorff, second-countable (i.e., paracompact), and connected. We follow the terminology of [4, 8] , where a sheaf S is a particular topological bundle,S denotes the canonical presheaf of sections of the sheaf S, and Γ (S) is the group of global sections of S.
Recall that the infinite-order jet space J ∞ Y of a smooth fiber bundle Y → X is defined as a projective limit of the inverse system 
With the inverse system (2.1), we have the direct system
of graded differential R-algebras ᏻ * r of exterior forms on finite-order jet manifolds J r Y , where π r r −1 * are the pullback monomorphisms. The direct limit of this direct system is the above mentioned graded differential algebra ᏻ * ∞ of exterior forms on finite-order jet manifolds modulo the pullback identification. By passing to the direct limit of the de Rham complexes of exterior forms on finite-order jet manifolds, the de Rham cohomology of ᏻ * ∞ has been proved to coincide with the de Rham cohomology of the fiber bundle Y [1, 3] 
∞ of k-contact and s-horizontal forms, together with the corresponding projections 
Introduced on elements of the presheafŌ * ∞ (cf. [3, 5, 13] ), this endomorphism is induced on the sheaf T * ∞ and its structure algebra - * ∞ . Put
Since τ is a projection operator, we have isomorphisms
The variational operator on T * ,n ∞ is defined as the morphism δ = τ • d. It is nilpotent, and obeys the relation 
6) The second row and the last column of this bicomplex form the variational complex
The corresponding variational bicomplexes and variational complexes of graded differential algebras - * ∞ and ᏻ * ∞ take place. There are the well-known statements summarized usually as the algebraic Poincaré lemma (cf. [11, 13] It follows that the variational bicomplex (3.6) and, consequently, the variational complex (3.7) are exact for any smooth bundle Y → X. Moreover, the sheaves T k,m ∞ in this bicomplex are fine, and so are the sheaves E k in accordance with the following lemma. 
of the sheaves E k . They possess the properties required for E k to be a fine sheaf. Indeed, for each i ∈ I, suppf i ⊂ U i provides a closed set such thath i is zero outside this set, while the sum i∈Ihi is the identity morphism.
Thus, the columns and rows of bicomplex (3.6) as well as the variational complex (3.7) are sheaf resolutions, and the abstract de Rham theorem can be applied to them. Here, we restrict our consideration to the variational complex.
Cohomology of - *
∞ . The variational complex (3.7) is a resolution of the constant sheaf R on J ∞ Y . We start from the following lemma. 
Lemma 4.1. There is an isomorphism
on J ∞ Y and the corresponding de Rham complex of their structure algebras It follows that every closed form φ ∈ - * ∞ is split into the sum
where ϕ is a closed form on the fiber bundle Y . Similarly, from the abstract de Rham theorem and Lemma 4.1, we obtain the following.
Proposition 4.3. There is an isomorphism between d H -and δ-cohomology of the variational complex
and the de Rham cohomology of the fiber bundle Y , namely,
This isomorphism recovers the results of [2, 12] , but notes also the following. Relation 
where
where ϕ is a closed (n + k)-form on Y . 
Cohomology of ᏻ
Then, putting
we have the form φ, equal to Dϕ U on (π
is of bounded jet order 
respectively.
Proof. By taking a smooth partition of unity on U ∪ V subordinate to the cover {U,V } and passing to the function with support in V , we get a smooth real function f on U ∪ V which is 0 on a neighborhood of U − V , and 1 on a neighborhood of Note that item (i) in Corollary 6.1 contains the result of [14] . As was mentioned above, the theses of Corollary 6.1 also agree with those of [2] , but the proof of Theorem 5.1 does not give a sharp bound on the order of a Lagrangian.
